This paper considers the stability of a double-spray premixed flame formed when both fuel and oxidizer are initially present in the form of sprays of evaporating liquid droplets. To simplify the inherent complexity that characterizes the analytic solution of multi-phase combustion processes, the analysis is restricted to fuel-rich laminar premixed double-spray flames, and assumes a singlestep global chemical reaction mechanism. Steady-state solutions are obtained and the sensitivity of the flame temperature and the flame propagating velocity to the initial liquid fuel and/or oxidizer loads are established. The stability analysis revealed an increased proneness to cellular instability induced by the presence of the two sprays, and for the fuel-rich case considered here the influence of the liquid oxidizer was found to be more pronounced than that of the liquid fuel. Similar effects were noted for the neutral pulsating stability boundaries. The impact of unequal latent heats of vaporization is also investigated and found to be in keeping with the destabilizing influence of heat loss due to droplet evaporation. It should be noted that as far as the authors are aware no experimental evidence is available for (at least) validation of the predictions. However, they do concur in a general and reasonable fashion with independent experimental evidence in the literature of the behavior of single fuel spray laminar premixed flames.
INTRODUCTION
Linear stability analysis of laminar premixed gaseous flames is well established (see [1, 2] and references therein) and is able to predict the experimental observations of instabilities [3, 4] that such flames can exhibit under appropriate operating conditions. Unstable laminar premixed flames are often characterized by a (spatial) cellular structure or time-wise pulsations. Cellular gaseous flames (in which the fresh mixture contains only fuel vapor and oxidizer) were observed experimentally in the 1950s by Markstein [5] . Sivashinsky [6, 7] showed that the main mechanisms that govern the cellular structure of the flame are heat conduction and mass diffusion, and that hydrodynamic effects are less relevant. He thereby established the use of the so-called diffusive-thermal model for problems of flame stability. Margolis & Matkowsky [8] analytically found the neutral stability boundaries for both cellular and pulsating flames and related the instabilities to non-stable transition stages between laminar and turbulent flames.
For laminar premixed spray flames, in which the fuel is initially present in the form of liquid droplets (as is frequently the case in practical combustion engineering applications), there is a body of interesting experimental findings [9, 10, 11 and 12] . What these works have in common is that non-organized, disordered and somewhat wavy flames were always observed, indicating something akin to cellular structured unstable flames. It was also found in some of these experiments that the addition of fuel droplets to the fresh fuel-oxidizer mixture results in an enhancement of the cellular nature of the flame. Also, Atzler [13] reports observing pulsating spray flames, under certain operating circumstances.
Theoretical studies of the stability of single-spray flames were conducted only in recent years. Greenberg [14] and Greenberg et al. [15] analytically investigated the stability of laminar single-spray flames. They used the diffusive-thermal model and performed a linear stability analysis to find the neutral stability boundaries of the singlespray flame. They also found that the flame is more cellular and less stable as the fresh mixture contains more fuel droplets, in keeping with experimental observations. Nicoli et al. [16, 17] conducted a more accurate analytical analysis of single-spray flames and showed that cellular and pulsating flames often occur and that the flames are less stable as the fresh mixture contains more fuel droplets. They also found [17] that for low Lewis number the lines of the cellular and pulsating stability boundaries can penetrate each other as the fuel droplets content of the fresh mixture is significantly enlarged. Similar mutual penetration of the neutral stability boundary lines was obtained by Greenberg et al. [18] in a study of a spray flame with two-step chemical kinetics. In recent numerical studies of the stability of single-spray flames by Kagan et al. [19, 20] and Greenberg et al. [21, 22] , a more accurate non-linear numerical stability analysis was performed and the influence of the addition of fuel droplets to the fresh mixture on the flame stability was demonstrated again.
As is evident from the aforedescribed short survey, although purely gaseous and single-spray laminar flames have been experimentally and theoretically studied, double-spray flames, in which both fuel and oxidizer are initially supplied in liquid droplet form, have received almost no attention whatsoever. Double-spray flames are widely used in space applications, such as rocket engines of missiles and spacecraft propulsion. Liquid fuel and oxidizer play an important role in rocket propulsion [23, 24] and the mixing of the fuel and oxidizer vapors produced by the sprays is critical for the subsequent combustion process to occur in an optimal and efficient manner. Yet, as far as we are aware, no theoretical study of double-spray premixed flame stability has ever been carried out. There do exist a limited number of theoretical studies of double-spray diffusion flames. The first fundamental study of a double-spray flame was performed by Wichman and Yang [25] (see also [26] ). Two opposed gas streams were considered, one of which contained liquid fuel and the other liquid oxidizer, the sprays being mono-dispersed. The droplets evaporate in each stream and the vapors that are produced are transported to a zone where chemical reaction occurs. A number of scenarios were considered involving infinite and finite rate chemistry and evaporation and the parametric dependencies of vaporization zone movement, flame movement and other thermal and reaction features were delineated. In such a configuration the strain rate plays a major role in determining flame extinction and the aforementioned dependencies were investigated up to the extinction limit.
Katoshevski and Tambour [27, 28] looked into the behavior of the combustion of liquid fuel and oxidizer in a diffusion flame in a shear layer flow. Their study considered polydisperse sprays of both fuel and oxidizer and the thrust of their work was on the way in which the double sprays polydispersity influences the gaseous diffusion flame formed by the vapors released by the sprays. However, flame extinction considered in [25, 26] was not examined.
It is well established that the use of relatively simple geometric configurations that facilitate a mathematical analysis of combustion problems can shed light on basic features of flame behavior, thereby supplying both a benchmark for detailed numerical simulations of and insight into the complex physico-chemical interactions that occur in realistic combustion settings. In this spirit, the main objective of this paper is to conduct for the first time a linear stability analysis of a laminar premixed fuel-rich double-spray flame. The structure of the paper is as follows. The underlying assumptions of the model and the governing equations are presented first. Steady-state solutions are then given and their predictions are mapped in the relevant spray-related parametric plane. Based on the aforementioned solutions, a linear stability analysis is carried out followed by presentation of neutral stability lines predicted by the theory and a discussion of the results.
GOVERNING EQUATIONS
The fresh unburned mixture consists of vapors and droplets of fuel and oxidizer. The fuel and oxidizer droplets vaporize, due to transfer of heat released in the flame, and their vapors chemically react in a flame that propagates toward them, as can be seen in Fig 1. A number of simplifying assumptions are adopted. First, it is assumed that a simple single-step chemical reaction takes place between the burning fuel and oxidizer vapors, represented by: Fuel + Oxidizer ⇒ Products. In addition, it is supposed that the fuel and oxidizer are well premixed and in small concentrations in an inert diluent gas (such as nitrogen) that takes no part in the combustion process. This enables neglecting mutual diffusion between the fuel and oxidizer vapors and the combustion products, and to consider only their diffusion with the diluent gas. Since the velocity of propagation of the flame is much less than the velocity of sound, dynamic compressibility effects in the mixture can be neglected. Thus, the density becomes a function of the temperature through the gas law. This reduces the problem to a much easier form in which only the equation of the conservation of the energy and the equations of the conservation of the mass species have to be solved. The additional assumption of a fuel-rich offstoichiometric mixture ensures that the mass fraction of the fuel vapors will be almost unchanged in the flame, so that there is no need to solve the equation of the conservation of mass for the fuel vapor. Hence, considering a two-dimensional flame the governing equations in dimensional form are:
(1, 2) Figure 1 .
Description of the physical model
In addition to these two conservation equations we also need two vaporization equations, one for the fuel droplets and the other for the oxidizer droplets, respectively:
These vaporization equations are merely mass conservation equations for the fuel and oxidizer droplets that are written according to Tambour's sectional method [29] , by assuming a single-section for all droplets sizes. The chemical reaction rate will be taken according to the Arrhenius law:
In order to write the conservation and vaporization equations in dimensionless form, the following dimensionless parameters are defined: (6 For future reference note that mass fractions of the oxidizer (both gas and liquid) are normalized relative to the total initial mass fraction of the liquid+gas oxidizer in the fresh mixture. Similarly, normalized liquid fuel mass fraction is defined by the actual mass fraction of the liquid fuel relative to the total initial mass fraction of the gas+liquid fuel.
The conservation and vaporization equations (Eqns (1) to (4)) are written in a stationary laboratory coordinate system. It will be more convenient to write these equations in a coordinate system that moves with the flame. The transformation between these two coordinate systems is (see Fig 2) : Transformation between laboratory and flame coordinate systems By substituting Eqns (5) to (24) in Eqns (1) to (4), the dimensionless conservation and vaporization equations in the flame coordinate system will then be, respectively:
where ∆ is a Laplacian of the form:
STEADY-STATE SOLUTION
As a preparation for the linear stability analysis the planar steady-state solution is first established. Under conditions of one dimensionality and steady-state ((∂/∂η and ∂/∂τ equal to zero) the governing equations reduce to:
Under the physically reasonable assumptions of the chemical Damkohler number tending to infinity (so that chemical reaction is restricted to a narrow reaction zone) and (separate) evaporation fronts for both the liquid oxidizer and fuel (with T νo < T νf ), the so-called outer solution of Eqns (29) -(32) may be written down in the four zones shown schematically in Fig. 3 . Due to the assumptions of narrow evaporation and reaction fronts, to leading order the source terms in Eqns (29) -(32) are negligible in the four zones whereby the solutions can be readily extracted:
The flame temperature is:
and the positions of the fuel and oxidizer vaporization fronts are determined, respectively, as:
The inner solution in the flame region must now be employed in order to find the propagation velocity of the steady-state flame. The mathematical treatment follows the lines given in the literature (see, for example [1] ), in which the temperature, oxidizer mass fraction and the chemical Damkohler number are expanded in a power series of the inverse of the large activation energy:
whereby it can be shown that for the current two-phase problem the flame velocity is given by:
Note that in the absence of any droplets γ o = γ f = 0 , Eqn (59) collapses to the familiar expression for the velocity of a one dimensional premixed gas flame [1] . The appearance of the extra spray-related terms in the exponential implies that the steadystate velocity of the one dimensional spray flame (be it a single or double spray) is less than its gaseous equivalent, due to the heat loss induced by droplet absorption for evaporation.
CALCULATED RESULTS FOR THE PLANAR STEADY-STATE FLAME
The solutions found in the previous paragraph will now be investigated by calculations using the following typical double-spray fresh fuel-oxidizer mixture data:
In Figs 4 and 5 the temperature profiles of the mixture (in degrees Kelvin) are presented for different values of γ f and γ o . The flame fronts are located at ξ * = 0 , so that for negative values of ξ * the mixture is unburned and for positive values of ξ * the mixture is completely burned and consists of the combustion products. As can be seen from the figures, the temperature profiles begin with their dictated values in the fresh unburned fuel-oxidizer mixture and rise up to the flame temperature in the flame fronts, beyond which they remain unchanged. Temperature profiles of the mixture for γ f = 0.5
Figure 5.
Temperature profiles of the mixture for γ o = 0.5
In keeping with Eqn (53), it can be seen that for a fixed value of γ f or γ o increasing γ o or γ f , respectively, results in a reduction of the flame temperature by about 50K at the most. In Figs 6 and 7 the profiles of the oxidizer vapor mass fraction are drawn for different values of γ f and γ o . The vaporization fronts of the oxidizer droplets are located in the neighborhood of ξ * = -0.5·10 -3 . As can be seen from the figures, the profiles of the oxidizer vapor mass fraction rise up toward a maximum value at the location of the vaporization fronts, where production of oxidizer vapors occurs due to oxidizer droplet vaporization (except for the case of γ o = 0, for which the fresh mixture contains no oxidizer droplets), and then decrease down to zero in the flame fronts, where the oxidizer vapor is completely consumed. Diffusion of oxidizer vapor occurs on both sides of the vaporization fronts.
Figure 6.
Profiles of the oxidizer vapor mass fraction for γ f = 0.5
Figure 7.
Profiles of the oxidizer vapor mass fraction for γ o = 0.5
In Figs 8 and 9 the temperature and flame velocity (in m/sec) of the double-spray flames are drawn in the parametric γ f -γ o space. As can be seen from the figures, both the flame temperature and velocity decrease as the fresh fuel-oxidizer mixture contains more liquid fuel and/or oxidizer. As mentioned previously, this reduction in flame speed and temperature can be explained by the fact that as the fresh unburned mixture contains more liquid fuel and/or oxidizer, additional energy for the vaporization of the droplets is required, so that the flame cools and therefore slows down.
Figure 8.
Flame temperature as a function of fresh mixture droplets loadings Figure 9 .
Flame velocity as a function of fresh mixture droplets loadings
LINEAR STABILITY ANALYSIS
Having found the steady-state solutions of the governing equations, the stability properties of the plane double-spray flame front can be examined using a linear stability analysis. Although the steady-state solutions were developed for a general Lewis number, it is more instructive to perform the stability analysis using the near equidiffusional flame (NEF) approach (see [1] ), in which Le = 1 + l/θ where l is O (1) . This enables the establishment of clear neutral stability boundaries for both cellular and pulsating flames. Rather than replicating straightforward details, it suffices to sketch an outline of the analysis. The governing equations (25) - (28) The problem of closure encountered when matching inner and outer solutions is overcome using S, in terms of which the zero-order jump conditions can be succinctly expressed (see [8] ).
For the stability analysis, all dependent variables are expressed as the sum of the steady-state solution plus a small harmonic perturbation: where ε << 1, k is the wavenumber, ω is the frequency of the perturbations and the bar above a variable/parameter refers to the steady-state solution found previously. Making use of Eqns (60) -(65) and the fact that ε << 1 leads to the following linear ordinary differential equations at all locations other than the interfaces between the four zones into which the solution domain was divided: It is a fairly straightforward matter to solve the linear ordinary differential Eqs(66) and (67) and then apply the boundary and matching conditions (66)-(81). After some algebra the solutions of the perturbed equations are then found to be:
in zone I (-∞ < ξ < -ξ νo ):
where: in zone II (-ξ νo < ξ < -ξ νf ):
where:
in zone III (-ξ νf < ξ < 0):
where: 
In these solutions:
(95, 96)
Finally, applying the last matching condition at ξ = 0 (Eqn (82)) yields the dispersion relation:
(97)
NEUTRAL STABILITY BOUNDARIES OF THE DOUBLE-SPRAY FLAME
The dispersion relation, Eqn (97), was solved numerically for the fresh mixture data that was given for the planar steady-state flame, to establish the neutral stability boundaries of the double-spray flame. The stability plots are made in the l -k plane to facilitate comparison with results from previous pure gas [8] and fuel spray only [15] analyses. The neutral stability boundaries are drawn for the cellular case (for which ω = 0) and for the pulsating case (for which real (ω) = 0) for different values of the initial fuel and oxidizer loads, γ f and γ o respectively. In Fig. 10 , for the case of a purely gaseous fresh mixture without any fuel or oxidizer droplets (γ f = γ o = 0), the same neutral cellular stability boundaries obtained by Margolis and Matkowsky [8] were replicated. Similarly, those of Greenberg et al. [15] for a fuelspray only were also reproduced. The increasing presence of liquid fuel generally enlarges the regions of cellular instability. In Fig. 11 the initial liquid oxidizer load is taken fixed as γ o = 0.5. It can be seen that the presence of further (oxidizer) droplets in the initial pre-mixture leads to a further increase in the regions of instability (compare to Fig. 10 and notice the change of the scale along the l-axis). Moreover, it is observed that the influence of the presence of oxidizer droplets in the fresh mixture is much more significant than the influence of the presence of fuel droplets, as the reduction in flame stability is more pronounced when the fresh mixture contains more oxidizer droplets. This reduction in flame stability, due to the presence of fuel and/or oxidizer droplets in the fresh mixture, can be well understood in view of the reduction in steady-state flame speed and temperature (that occurs as the fresh mixture droplets content increases, as shown in Figs (8) and (9)). The dominant effect of the oxidizer droplets in the fresh mixture on the double-spray flame stability can be explained by the fact that the initial mixture is taken as off-stoichiometric fuel-rich, so that the limiting component in the flame is the insufficient oxidizer for which any change is likely to be much more critical. lower part of the range of the wave number the instability is marginally increased, whereas for k greater than about 0.35 the reverse trend occurs. When γ o = 0.5 the opposite trend is found, see Fig. 13 , although whereas in Fig. 12 the minimum value of curves is approximately located in the range 10.6 ≤ l ≤ 10.7, in the current case the minimum is at a lower value of l ≈ 7.25, thereby effectively enlarging the region of instability in relation to that of Fig. 12 .
In Fig. 14 the cases of both cellular and pulsating stability boundaries for which the oxidizer in the fresh fuel-oxidizer mixture consists of only oxidizer droplets (i.e. γ o = 1) are drawn. It is interesting to note that the line of the cellular stability boundary penetrates into the line of the pulsating stability boundary (similar behavior is also found for values of γ o close to 1). This type of overlap of pulsating/cellular regions was previously demonstrated for a single fuel spray flame [17] using a global chemical kinetic model and by Greenberg et al. [18] using a two-step thermally sensitive intermediate kinetic scheme. The current results show for the first time that this phenomenon can also be instigated by the presence of an oxidizer spray. Finally, it is noted that for all the afore-described stability results the latent heat of evaporation of both the fuel and the oxidizer were taken to be the same. In view of the important role of heat loss due to evaporation in these flames, some further results were computed for which L * o / L * f = 0.8, i.e. an increase in L * f of 25%. In Fig. 15 the cellular In Fig. 16 a comparison between the pulsating stability boundaries is shown for the different ratios. The general trend found previously (see Fig.14) is retained but is enhanced by the larger latent heat of the liquid fuel.
CONCLUSIONS
A linear stability analysis of a laminar premixed double-spray fuel/oxidizer flame was carried out for the first time. For the sake of simplicity the analysis was restricted to the off-stoichiometric fuel-rich case and evaporation fronts were assumed, rather than finite rate evaporation rates. Steady-state solutions were obtained and the sensitivity of the flame temperature and the flame propagating velocity to the initial liquid fuel and/or oxidizer loads was established. The stability analysis revealed an increased proneness to cellular instability induced by the presence of the sprays, and for the fuel-rich case considered here the influence of the liquid oxidizer was found to be more pronounced than that of the liquid fuel. Similar effects were noted for the neutral pulsating stability boundaries. Finally, the impact of unequal latent heats of vaporization was investigated and found to be in keeping with the destablizing influence of heat loss due to droplet evaporation. It should be noted that, as far as the authors are aware, no experimental evidence is available for (at least) validation of the predictions. However, they do concur in a general and reasonable fashion with independent experimental evidence in the literature of the behavior of single fuel spray laminar premixed flames [10] [11] [12] [13] . derivative of φ with respect to η φ ηη second derivative of φ with respect to η φ τ derivative of φ with respect to τ ϕ equivalence ratio ω frequency of the perturbation
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